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Abstract

We analyze and compare the efficiency and accuracy of two simulation methods for homogeneous random fields with
multiscale resolution. We consider in particular the Fourier-wavelet method and three variants of the Randomization
method: (A) without any stratified sampling of wavenumber space, (B) with stratified sampling of wavenumbers with equal
energy subdivision, (C) with stratified sampling with a logarithmically uniform subdivision. We focus primarily on fractal
Gaussian random fields with Kolmogorov-type spectra. Previous work has shown that variants (A) and (B) of the Ran-
domization method are only able to generate a self-similar structure function over three to four decades with reasonable
computational effort. By contrast, variant (C), along with the Fourier-wavelet method, is able to reproduce accurate self-
similar scaling of the structure function over a number of decades increasing linearly with computational effort (for our
examples we will show that nine decades can be reproduced). We provide some conceptual and numerical comparison
of the various cost contributions to each random field simulation method.

We find that when evaluating ensemble-averaged quantities like the correlation and structure functions, as well as some
multi-point statistical characteristics, the Randomization method can provide good accuracy with less cost than the Fou-
rier-wavelet method. The cost of the Randomization method relative to the Fourier-wavelet method, however, appears to
increase with the complexity of the random field statistics which are to be calculated accurately. Moreover, the Fourier-
wavelet method has better ergodic properties, and hence becomes more efficient for the computation of spatial (rather than
ensemble) averages which may be important in simulating the solutions to partial differential equations with random field
coefficients.
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1. Introduction

Random functions (generally referred to as random fields) provide a useful mathematical framework for
representing disordered heterogeneous media in theoretical and computational studies. One example is in tur-
bulent transport [10,11,16,20,26,29,41,44,45], where the velocity field representing the turbulent flow is mod-
eled as a random field~vð~x; tÞ with statistics encoding important empirical features, and the temporal dynamics
of the position ~X ðtÞ and velocity ~V ðtÞ ¼ d~X

dt of immersed particles is then governed by equations involving this
random field such as
m d~V ðtÞ ¼ �cð~V ðtÞ �~vð~X ðtÞ; tÞÞ dt þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT c

p
d~W ðtÞ; ð1Þ
where m is particle mass, c is its friction coefficient, kB is Boltzmann’s constant, T is the absolute temperature,
and ~W ðtÞ is a random Wiener process representing molecular collisions. Another example is in transport
through porous media, such as groundwater aquifers, in which the hydraulic conductivity Kð~xÞ is modeled
as random field reflecting the empirical variability of the porous medium [39,18,5,22]. The Darcy flow rate
~qð~xÞ in response to pressure applied at the boundary is governed by the Darcy equation
~qð~xÞ ¼ �Kð~xÞgrad/ð~xÞ;
div~q ¼ 0;

ð2Þ
in which the random hydraulic conductivity function appears as a coefficient, and the applied pressure is rep-
resented in the boundary conditions for the internal pressure head /. Our concern is with the computational
simulation of random fields for applications such as these.

Interesting insights into the dynamics of transport in disordered media can be achieved already through
relatively simple random models for the velocity field, such a finite superposition of Fourier modes, with each
amplitude independently evolving according to an Ornstein–Uhlenbeck process [3,44]. Here efficient and accu-
rate numerical simulations of the flow can be achieved through application of the well-developed literature on
simulating stochastic ordinary differential equations [21]. We will focus instead on the question of simulating
random fields which involve challenging multiscale structures such as those relevant to porous media and tur-
bulent flow simulations. Many questions remain open for the case of Gaussian multiscale random fields, so we
confine our attention to this class.

We shall give a general description of homogeneous random field representations in multi-dimensional
Euclidean space Rd in the introductory Sections 1 and 2. In the main part of the paper (Sections 3–8) we deal
with the context of real-valued scalar random fields on the real line.

Under quite general conditions, a real-valued Gaussian homogenous random field uð~xÞ can be represented
through a stochastic Fourier integral [34]
uð~xÞ ¼
Z

Rd
e�2pi~k�~xE1=2ð~kÞ ~W ðd~kÞ; ð3Þ
where ~W ðd~kÞ is a complex-valued white noise random measure on Rd , with ~W ðBÞ ¼ ~W ð�BÞ, h ~W ðBÞi ¼ 0, and

h ~W ðBÞ ~W ðB0Þi ¼ lðB \ B0Þ for Lebesgue measure l and all Lebesgue-measurable sets B, B 0. We use angle
brackets h�i to denote statistical (ensemble) averages. The spectral density Eð~kÞ is a nonnegative even function
representing the strength (energy) of the random field associated to the wavenumber ~k, meaning the length
scale 1=j~kj and direction ~k=j~kj.

Multiscale random fields will have a multiscale spectral density, meaning that Eð~kÞ will have substantial
contributions over a wide range of wavenumbers kmin � j~kj � kmax, with kmax=kmin � 1. This poses a challenge
for efficient simulation.

Several approaches are based on various discretizations of (3) which give rise to finite sums of functions
with independent Gaussian random coefficients [38]. A Riemann sum discretization of the stochastic integral
is easy to implement [15,35,43,46,47], and following [7,19,29], we shall refer to it as the standard Fourier
method. As documented in [7], this method can suffer from false periodicity artifacts of the discretization, par-
ticularly if the wavenumbers are chosen with uniform spacing.
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An alternative ‘‘Randomization method’’ has been developed which evaluates the stochastic integral (3)
through a finite set of randomly chosen wavenumbers generated by Monte Carlo methods [23,33]. Yet another
method designed for multiscale random field simulation is the Fourier-wavelet method [6], which arises from a
wavelet decomposition of the white noise measure in (3). We stress that neither of these methods require that
the multiscale structure be self-similar, though they are well-suited for this special case. The Fourier-wavelet
and Randomization methods have been previously studied and compared, particularly in the context of (mass-
less) turbulent diffusion problems [2,6], with the general conclusion that the Randomization method performs
well for simulating random fields with a self-similar multiscale scaling structure extending over a small number
of decades, while the Fourier-wavelet method becomes more efficient for random fields with a large number of
decades of self-similar scaling. The methods also have some theoretical differences. The Randomization
method reproduces the correlation function (or structure function) with only sampling error and no bias, while
the Fourier-wavelet method incurs some bias from the truncation of the sums in the associated random field
representations, which can however be significantly reduced through a good choice of wavelet functions [8,6].
On the other hand, the Fourier-wavelet method simulates a truly Gaussian random field, while the statistics of
quantities involving two or more evaluation points are generally simulated as non-Gaussian by the Random-
ization method. However, as more wavenumbers are included in the random field representation, central limit
theorem arguments indicate that the statistics simulated by the Randomization method should approach
Gaussian values [24]. In particular, the simulations of fractal random fields in [6] indicate that the kurtosis
(normalized fourth order moment) of spatial increments in the random field was close to its Gaussian value
of 3 over a range of scales which was one or two decades fewer than the range over which the second order
moments were accurately simulated.

In the comparisons [2,6], a particular version of the Randomization method was used; namely, the random
wavenumbers were chosen according to a stratified sampling strategy with a subdivision of wavenumber space
into sampling bins of equal energy. In the studies [40,26], a logarithmically stratified subdivision of wavenum-
ber space was found to be significantly more efficient in representing self-similar power-law spectra such as
those corresponding to Kolmogorov turbulence. This implementation of the Randomization method [26], a
similar implementation of the standard Fourier method with wavenumber discretized uniformly and determin-
istically in logarithmic space [45], and a multiscale wavelet method [10] have all been employed to simulate
dispersion of pair particles in isotropic Gaussian frozen pseudoturbulence with a Kolmogorov spectrum
extending over several decades, in some cases with a constant mean sweep. Of particular interest in these
works is whether the classical Richardson’s cubic law can be observed in numerically generated pseudoturbu-
lence [26,45,10].

We investigate the efficiency and accuracy of the Fourier-wavelet and Randomization methods, including
alternative strategies for stratified sampling, along the following directions:

� The previous studies of which we are aware [2,6] focus on the cost of simulating the value of the random
field at a particular point x on demand, as is appropriate in the turbulent diffusion problem (1). By contrast,
the solution of the porous medium problem requires the generation of the random field over the whole com-
putational domain at once. We consider how the computational cost of the Randomization and Fourier-
wavelet methods compare for various tasks in which the random field is to be evaluated at a set of points
specified in advance or on demand, regularly or irregularly distributed within the computational domain.
Both the overhead cost and the cost of simulating each new realization of the random field is considered.
� We study statistical features of the random field beyond two-point quantities such as the second order

structure function
DðqÞ ¼ hðuðxþ qÞ � uðxÞÞ2i ð4Þ

and associated kurtosis which have been the focus of previous work [6,2]. We point out that the Randomiza-
tion method has the flexibility to simulate a random field using a smaller set of random variables than the Fou-
rier-wavelet method, which permits for example the faster simulation of a random field with good accuracy of
the simulated second order structure function. We examine how the number of random variables (and asso-
ciated simulation cost) required by the Randomization method changes when more complex multi-point
statistics are to be simulated accurately.
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� We study the ergodicity properties of the simulation methods, which we expect to be important in the accu-
rate simulation of statistics of the solutions of partial differential equations with random field coefficients
such as the Darcy equation (2).

We begin in Section 2 by identifying some physical and numerical parameters which will play a key role in
the development of the simulation algorithms and in quantifying their costs. We then present a brief but self-
contained description of the Randomization method (Section 3) and the Fourier-wavelet method (Section 4),
framing the discussion primarily in terms of one-dimensional random functions for notational simplicity. We
begin our examination of the numerical methods with a theoretical discussion in Section 5 of how their costs
should scale with respect to various physical and numerical implementation parameters. We then revisit the
question studied in [2,6] concerning the comparative ability of the methods to generate random fields with
self-similar fractal scaling of the second order structure functions over a large number of decades. Our con-
tribution here is to consider variations of the Randomization method which significantly improve its perfor-
mance. We then turn to comparisons of the ergodic properties (Section 6) and the quality of the multi-point
statistics of the random fields (Section 7) simulated by the Randomization method and Fourier-wavelet
method. Our findings are summarized in Section 8.

The general conclusions are that the use of a logarithmically uniform stratified sampling strategy for the
Randomization method greatly increases its competitiveness with the Fourier-wavelet method for simulating
multiscale random fields. The Randomization method can simulate low order statistics such as the second
order structure function (4) and associated kurtosis accurately using a smaller number of random variables
and therefore lower cost than the Fourier-wavelet method. The cost of the Randomization method relative
to the Fourier-wavelet method, however, increases with the number of observation points involved in the sta-
tistic to be simulated. In particular, to have good ergodic properties, meaning the accurate simulation of the
statistics of spatial averages over large regions, the Randomization method incurs a cost considerably larger
than the Fourier-wavelet method. The choice of which method to be used in the simulation of a multiscale
random field in an application, therefore, should be guided by what types of statistics of the random field need
to be simulated accurately. The Randomization method is simpler to implement and is faster for the accurate
simulation of statistics involving a relatively small number of observation points. The Fourier-wavelet method
is somewhat more complicated, but appears to be considerably more efficient in the accurate simulation of
statistics involving large numbers of points, particularly ergodic averages.

2. General simulation framework

To discuss the implementation and the costs of the simulation methods, we first delimit the questions to be
asked about the random field uð~xÞ to be simulated. We suppose here that uð~xÞ is a well-defined scalar-valued
homogenous, Gaussian random field with given spectral density Eð~kÞ which is just the Fourier transform of
the correlation function Bð~rÞ ¼ huð~xþ~rÞuð~xÞi:Z Z
BðrÞ ¼
Rd

expf2pi~k �~rgEð~kÞ d~k; Eð~kÞ ¼
Rd

expf�2pi~k �~rgBð~rÞ d~r:
The simulation of vector-valued multiscale Gaussian random fields can be conducted through standard exten-
sions from the scalar-valued case. We quantify first in Section 2.1 some fundamental length scales of the ran-
dom field which play a key role in choosing simulation parameters, then discuss in Section 2.2 some further
length scales determined by the context of the problem or the choice of numerical implementation.

2.1. Length scales of the random field

One of the most fundamental quantitative properties of a random field is its correlation length, which we
define as:
‘c ¼ V �1
d

sup~k2Rd Eð~kÞR
Rd Eð~kÞ d~k

 !1=d

; ð5Þ
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where V d ¼ 2pd=2=ðdCðd=2ÞÞ is the volume of the unit ball in d dimensions ðV 1 ¼ 2; V 2 ¼ p; V 3 ¼ 4p=3Þ. The
usual definition [32] has simply Eð~0Þ in the numerator, but our definition generalizes meaningfully to random
fields with the spectral density vanishing at the origin. Indeed Eð~0Þ is the integral of the trace of the correlation
function, which under many conditions gives the product of the random field variance and the correlation vol-
ume. The denominator precisely cancels out the random field variance hu2i, and the remaining operations con-
vert the correlation volume to a correlation length. If however the random field has oscillations, the integral of
the correlation function may underrepresent the actual correlation volume (including the extent of negative
correlations). This is why we have simply modified the definition to involve the value of the spectral density
at its peak wavenumber; it coincides of course with the standard convention in the case of random fields with
spectral density peaked at the origin (as is often the case in the absence of strong negative correlations in the
random field).

We similarly define a smoothness microscale for the random field:
‘s ¼ V �1
d

sup~k2Rd j~kj2Eð~kÞR
Rd j~kj2Eð~kÞ d~k

 !1=d

; ð6Þ
which is really an analogous correlation length for the random field gradient ~ru. The two length scales ‘c and
‘s generalize the notion of integral length scale and Kolmogorov dissipation length scale in turbulent spectra
to general homogenous random fields. The correlation length can be thought of as the largest length scale on
which the random field uð~xÞ exhibits a nontrivial correlation structure. That is, for j~x�~x0j � ‘c, the values of
uð~xÞ and uð~x0Þ are independent to a good approximation. The smoothness microscale, conversely, describes the
smallest length scale on which the random field has nontrivial correlation structure. On smaller scales, the ran-
dom field appears smooth. More precisely, for j~x�~x0j � ‘s, the random field over the line segment connecting
~x and ~x0 can be well approximated by a linear interpolation between uð~xÞ and uð~x0Þ (with relative error
oðj~x�~x0j=‘sÞ).

We will contemplate only random fields with spectral density behaving well enough at small and large
wavenumbers to be integrable, so that the correlation length ‘c in (5) is well-defined as a finite nonzero value.
We admit random fields for which the integral in the denominator of (6) converges or diverges; in the latter
case, we define ‘s ¼ 0. Idealized fractal random fields [31,12], such as those associated with the Kolmogorov
inertial range theory of turbulence Eð~kÞ / j~kj�5=3 can be placed within the present framework if we agree from
the outset that the fractal scaling is smoothed out at a pre-defined large length scale. This will be appropriate
for any physical application, and even from a purely mathematical point of view, we can think of this length
scale cutoff as defining a concrete goal for the simulation of a fractal random field with finite effort. Any
numerical simulation or physical application will also necessarily have a positive lower limit on the length scale
of fractal scaling, but we do not need to enforce this within our mathematical framework.

For some random fields, the smoothness length scale is comparable to the correlation length. This is true in
particular if the random field depends only on one physical length scale. For such ‘‘single-scale’’ Gaussian
homogenous random fields, a wide variety of simulation techniques beyond the Fourier-wavelet and Random-
ization methods may well be adequate [35]. Our concern is with simulating multiscale random fields, meaning
that ‘s � ‘c. One situation where this can arise is in two-scale random fields (such as those contemplated in
homogenization theory [4]), where Eð~kÞ is peaked near widely separated wavenumbers j~kj � ‘�1

c and j~kj � ‘�1
s

but rapidly decaying away from these values. In this case, the random field could be simulated simply by
expressing it as the superposition of two independent single-scale random fields, one varying on the large scale,
and one on the small scale. But in applications such as turbulence and porous media flow, and in any context
involving fractal random models, the spectral density has nontrivial contributions over a great range of wave-
numbers within the wide interval ‘�1

c � j~kj � ‘�1
s , and the random field is not well-approximated by a super-

position of a few single-scale random fields. These are the situations in which the power of the Fourier-wavelet
and Randomization methods is indicated, and that we will focus on in most of this paper. In particular, we
consider power-law spectra extending from a wavenumber ‘�1

c to ‘�1
s with ‘s � ‘c (including the case

‘s ¼ 0) as multiscale fields. Even though such an energy spectrum can be defined with one or two length scales,
it cannot be simulated efficiently by a superposition of single-scale methods because the random field has
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substantial energy on all the length scales between the widely separated lengths ‘s and ‘c, in contrast to the
two-scale fields amenable to homogenization theory discussed earlier in the paragraph.

2.2. Length scales introduced in computation

In some applications, we may need to evaluate the random field at a pre-specified set of points in d dimen-
sions. One example would be the simulation of the flow through a porous medium [18,39], in which the ran-
dom field would need to be simulated on a computational grid over an entire pre-defined region. For this to
require finite computational work, we must agree upon a domain length scale L and a sampling length scale h.
The domain length scale describes the linear extent of the region over which the random field is evaluated, and
the sampling length denotes the distance between points at which the random field is calculated. In the sim-
plest case, the random field is to be simulated on a Cartesian grid with linear extent L in each direction, with
grid spacing h. We can however consider the more general situation in which the prespecified points are irreg-
ularly arranged. Our computational cost considerations will still apply provided that the collection of points
can still be described meaningfully by a characteristic length scale L of the overall diameter of the cluster of
points and a length scale h for the typical separation between neighboring points.

In other applications, such as the simulation of a particle moving through a prescribed turbulent field (1),
one may wish to be able to evaluate the random field uð~xÞ at arbitrary points on demand (not known in
advance of the generation of the random field). In situations in which the points to be specified on demand
are expected to be rather densely distributed over a fixed computational domain, one might approach this sim-
ulation task by laying down a grid of points over the domain, pre-computing the random field over this grid,
and then interpolating from this computed grid of random field values to evaluate the random field at points
which are requested later. Since the interpolation procedure is separate from the type of algorithm used to
simulate the multiscale Gaussian random field, it will not concern us. The cost and considerations involved
in simulating the random field on the grid for interpolation falls within the category of random field simula-
tions over a pre-specified set of points. On the other hand, if the points at which the random field is to be eval-
uated are not known to fall within a particular computational domain or if the evaluation points are expected
to be rather sparsely distributed in the computational domain, then the strategy of pre-computation of the
random field over a grid followed by interpolation may be impractical or inefficient. In this case, the compu-
tational procedure truly involves the evaluation of the simulated random field representation at an arbitrary
collection of points not known in advance. This task has been the emphasis of previous studies of multiscale
Gaussian random field simulation algorithms [42,9].

Finally, for any application, the ideal random field to be simulated has nontrivial structure on length scales
ranging from ‘s to ‘c. A numerical multiscale representation of this random field will be associated with certain
finite minimum and maximum length scales ‘min and ‘max, outside of which the method cannot be expected to
accurately represent the structure of the ideal random field. The length scales ‘max and ‘min can be related to
more fundamental parameters of the Monte Carlo simulation methods, as we describe in subsequent sections.
Generally speaking, ‘max should be chosen to be at least as large as the correlation length ‘c (but need not be as
large as the domain length L). On the other hand, ‘min is set either equal to or somewhat smaller than
maxðh; ‘sÞ or at a larger value determined by computational cost constraints.
3. Randomization methods

To maintain focus on the central issues of concern, we will develop the algorithms and their analysis for the
case of a real-valued homogenous Gaussian scalar random field u(x) defined on the one-dimensional real line.
Generalizations of the algorithms to multiple dimensions can be found in [42,9], and we will occasionally com-
ment how our theoretical discussion generalizes easily to the multi-dimensional case.

The simplest form of the Randomization method, which we shall refer to as variant A, reads [33,42]
uðRÞðxÞ ¼ rffiffiffiffiffi
n0
p

Xn0

j¼1

½nj cosð2pkjxÞ þ gj sinð2pkjxÞ�; ð7Þ
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where nj, gj, j ¼ 1; . . . ; n0 are mutually independent standard Gaussian random variables (mean zero and unit
variance), and r2 ¼

R
EðkÞ dk ¼ 2

R1
0

EðkÞ dk. The wave numbers kj, j ¼ 1; . . . ; n0, are chosen as independent
random variables in ½0;1Þ according to the probability density function (pdf) pðkÞ ¼ 2EðkÞ=r2, and are also
independent of the nj and gj. This variant A of the Randomization method may be thought of as the most
straightforward way to approximate the Fourier stochastic integral (3) through a Monte Carlo integration ap-
proach, using the complex conjugacy between the simulated random variables associated to wavenumbers 	k.

While the Randomization method always produces random field approximations with the correct mean and
correlation function when averaged over a theoretically complete ensemble of realizations, the practical concern
is how well one or a finite number of samples of the simulated random field replicate the statistics of the true
random field which is to be simulated. The randomization of the choice of wavenumbers creates some addi-
tional variability in the simulated random field (such as realizations where, say, the low wavenumbers happen
to be undersampled). A common practice in improving Monte Carlo calculations is the employment of ‘‘var-
iance reduction’’ techniques which constrain the random choices somewhat to mitigate the problem of gener-
ating an artificially large number of strongly deviant samples. An extreme remedy would be to prescribe the
wavenumbers deterministically, as in the standard Fourier method discussed in Section 1, but this has its own
artifacts [7].

A compromise which seeks to avoid the problems of both purely deterministic and purely random choices
of random wavenumbers is to partition wavenumber space into bins, and to choose a prescribed number of
wavenumbers at random locations within each bin. This Monte Carlo variance reduction technique is an
example of ‘‘stratified sampling’’ [37,42]. It ensures a certain coverage of wavenumber space, but still takes
advantage of Monte Carlo integration techniques.

The mathematical framework for stratified sampling in the Randomization method is given as follows. We
take D as the total space from which the wavenumbers are to be sampled (it can in general be chosen as
D ¼ ½0;1Þ but it can also be chosen as the possibly smaller support of the spectrum E on the nonnegative real
axis. We then choose a partition of D into a union of smaller non-overlapping intervals D ¼

Sn
j¼1Dj. Within

each interval Dj, we sample n0 independent random wavenumbers kjl, l ¼ 1; . . . ; n0, according to the probabil-
ity distribution function
pjðkÞ 

2EðkÞ

r2
j

for k 2 Dj;

0 for k 62 Dj;

(

where
r2
j ¼ 2

Z
Dj

EðkÞ dk:
The simulation formula then reads
uðR;sÞðxÞ ¼
Xn

j¼1

rjffiffiffiffiffi
n0
p

Xn0

l¼1

½njl cosð2pkjlxÞ þ gjl sinð2pkjlxÞ�: ð8Þ
The amplitudes njl; gjl, j ¼ 1; . . . ; n; l ¼ 1; . . . ; n0, are again standard Gaussian random variables which are
mutually independent and independent of the choice of wavenumbers kjl. One natural choice of stratified sam-
pling for variance reduction is to choose a number of sampling bins n and then choose the sampling intervals
Dj so that each of them contains an equal amount of ‘‘energy’’ (integral of the spectral density): r2

j ¼ r2=n for
1 6 j 6 n. We refer to this stratified sampling strategy as variant B of the Randomization method.

We will also explore an alternative stratified sampling strategy in which the sampling bins are simply
assigned to be equally spaced with respect to ln k. That is, the wave number intervals Dj ¼ ðk̂j; k̂jþ1� for
j ¼ 1; . . . ; n are defined according to a geometric distribution with ratio parameter q: k̂jþ1 ¼
qk̂j; j ¼ 2; . . . ; n� 1. If the spectral density of the random field is confined to a bounded domain of wavenum-
bers k 6 kmax, then we can choose k̂nþ1 ¼ kmax; otherwise we take k̂nþ1 ¼ 1. Similarly, if the minimal wave-
number kmin in the support of the spectral density is positive, we can choose k̂1 ¼ kmin. Otherwise, we
would choose k̂1 in some other way suggested by the spectrum, perhaps as the wavenumber at which the
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spectral density is maximal, and then adjoin a sampling bin D0 ¼ ð0; k̂1Þ. We call this stratified sampling strat-
egy based on a logarithmically uniform subdivision variant C of the Randomization method.

The motivation for this externally imposed subdivision scheme is that a multiscale random field, particu-
larly one with a self-similar fractal property, might be well represented in a hierarchical manner with a certain
number of computational elements at each important ‘‘length scale’’, with geometrically distributed length
scales. Indeed, this is precisely what the Fourier-wavelet simulation method (in fact any wavelet method) does,
and appears to be one of the essential elements behind its demonstrated efficiency in simulating random fields
with multiscale structure over many decades [6,9,8]. We are led to consider, therefore, how incorporating a
similar distribution of wavenumbers within the Randomization approach would compare with the Fourier-
wavelet method. Other externally imposed subdivision strategies may be chosen based on the spectral density
of the random field to be simulated as well as the type of statistics which are sought in the application.

All variants of the Randomization method provide unbiased estimators of the correlation function of the
simulated random field, meaning that these statistics can in principle be recovered with arbitrary precision
through a sufficiently large sample size (though with the usual relatively slow convergence of Monte Carlo
sampling), even with fixed finite values of the discretization parameters. In particular, there need not be a rigid
maximal and minimal length scale, ‘max and ‘min within which the Randomization method confines its effort,
because the wavenumber sampling bins can extend to k = 0 or k ¼ 1. However, in practice, the finite number
n0 of wavenumbers sampled in these bins does impose effective maximum and minimum length scales over
which the random field structure can be expected to be adequately represented. We discuss this in the context
of a particular example in Section 5.1.2. The quality of higher order and multi-point statistics simulated by the
Randomization method is less clear; in particular the randomization of the wavenumbers makes the simulated
field non-Gaussian. Central limit theorem concepts [1,25,24], however, indicate that with a sufficiently rich
sampling of wavenumbers, the simulated field should have some approximately Gaussian properties. We
investigate these questions in some detail in Sections 5–7.
4. Fourier-wavelet simulation method

We present here the one-dimensional formulation of the Fourier-wavelet method. A homogeneous Gauss-
ian random field u(x) can be represented using the Fourier-wavelet representation [6]:
uðxÞ ¼ u0

X1
m¼�1

X1
j¼�1

cmjfmð2mðx=‘Þ � jÞ; ð9Þ
where u0 is a dimensional constant having the same dimensions as the field variable u, ‘ is an arbitrary length
scale, cmj is a family of mutually independent standard Gaussian random variables, and
fmðnÞ ¼
Z 1

�1
e�2pi~kn2m=2 ~E1=2ð2m~kÞ/̂ð~kÞ d~k; ð10Þ
where ~Eð~kÞ is a dimensionless spectral density defined through
~Eð~kÞ ¼ 1

‘u2
0

Eð~k=‘Þ:
Here, in order to ensure an efficient wavelet representation of the random field, /̂ðkÞ is chosen as a compactly
supported function which is the Fourier transform of the Meyer mother wavelet function based on a pth order
perfect B-spline [6]:
/̂ðkÞ ¼ �i signðkÞeipkbðjkjÞ; ð11Þ

where
bðkÞ ¼
sin p

2
mpð3k � 1Þ

� �
; k 2 1

3
; 2

3

� �
;

cos p
2
mp

3
2
k � 1

� �� �
; k 2 2

3
; 4

3

� �
;

0; else:

8><
>: ð12Þ
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and the function mpðxÞ is defined by
mpðxÞ ¼
4p�1

p
½x� x0�pþ þ ½x� xp�pþ þ 2

Xp�1

j¼1

ð�1Þj½x� xj�pþ

( )
; ð13Þ
where xj ¼ ð1=2Þ½cosðððp � jÞ=pÞpÞ þ 1�, and ½a�þ ¼ maxða; 0Þ. The positive integer parameter p is chosen in [6]
equal to 2.

The representation (9) expresses the random field u(x) as a hierarchical random superposition of real, deter-
ministic functions fm and their translates. The function fm can be thought of as encoding the structure of u(x)
on the length scale 2�m‘. This can best be seen by the dual relation between spatial lengths and Fourier wave-
numbers, since fm is completely determined by the contributions of the spectrum E(k) over the interval
1
3‘

2m
6 k 6 4

3‘
2m.

The implementation of the Fourier-wavelet method of course requires that the sums over m and j in (9) be
truncated to finite sums. This is done through consideration of the length scales over which the random field is
to be sampled.

First, we choose ‘ ¼ ‘max as some convenient length scale that represents the largest length scale of the ran-
dom field which we wish to resolve in our simulation. If the random field is to be simulated over a grid with
spacing h, it will be convenient to choose ‘ so that ‘=h ¼ 2m for some nonnegative integer m . By setting
‘ ¼ ‘max, it is now convenient to truncate the sum over m to run over 0 6 m 6 M � 1, thereby formally rep-
resenting the random field down to length scale ‘min ¼ 21�M‘max. Note that this truncated Fourier-wavelet ran-
dom field representation will only incorporate information from the energy spectrum E(k) over the
wavenumber range 1

3
‘�1

max 6 k 6 4
3
‘�1

min, so one should be careful that the energy outside this range can be safely
neglected for the application.

We turn now to the truncation of the sum over the translation index j. It is shown in [6], that if the spectrum
E(k) is smooth enough then the functions fmðnÞ decay like jnj�p where p is the order of the spline used to con-
struct the Meyer wavelet. So long as p P 2, then, we can choose an integer ‘‘bandwidth’’ cutoff b so that the
total mean-square contribution from terms with jj� 2mx=‘j > b to the random field value at x is as small as
desired. When evaluating the random field uðxÞ at a desired point x, then, only the 2b terms satisfying
j2mðx=‘Þ � jj 6 b are incorporated.

Hence the finitely truncated Fourier-wavelet representation for the value of the random field at any location
x can be written as follows
uðFWÞðxÞ ¼ u0

XM�1

m¼0

Xb

j0¼�bþ1

cm;�nmðxÞþj0fmð2mðx=‘Þ � �nmðxÞ � j0Þ; ð14Þ
where �nmðxÞ 
 b2mðx=‘Þc, and the notation byc denotes the greatest integer not exceeding the real value y. To
implement this formula numerically, one need only specify how the independent standard Gaussian random
variables cmj are to be generated. At least two different approaches can be adopted, as we will discuss in Sec-
tion 5.1.3.3.

Detailed analysis of the errors of interpolation, discretization, and aliasing in the evaluation of the Fourier
transform (10) can be found in [6]. In our simulations, we shall simply use the numerical parameters p, b, and
Dn which were found to work well in [6].

We will focus our attention on the cost of the Fourier-wavelet method (Section 5) and the quality of the
random field statistics which it generates (Sections 6 and 7), particularly in comparison to the Randomization
method. The Fourier-wavelet method is somewhat more complicated than the Randomization method, and it
does incur a (controllable) statisical bias through truncation of the sums in (14) and the need to approximate
the functions fm through interpolation from a finite set of data points. We will therefore be particularly inter-
ested to examine the circumstances in which the extra complexity of the Fourier-wavelet method make it
worthwhile relative to the Randomization method.

5. General considerations of cost

We begin our studies of the Randomization and Fourier-wavelet methods by revisiting the question of
how much computational effort is required by these methods to generate fractal self-similarity (as measured
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by the second order structure function (4)) over a desired number of decades [6,2]. As a point of compar-
ison, we will also briefly discuss their costs relative to a direct Gaussian random field simulation approach
which is not adapted for multiscale applications. In neither the Randomization method nor the Fourier-
wavelet method does the random field construction make reference to the points at which the random field
is to be eventually evaluated. When the evaluation points are irregularly distributed, therefore, the cost of
random field construction and evaluation at the desired points does not depend on whether the evaluation
points are specified in advance or later on demand. (This is not true of the direct Gaussian random field
simulation approach, which we discuss briefly in Section 5.1.1.) Some cost savings can be achieved by
the Fourier-wavelet method if the evaluation points are pre-specified and distributed in a regular way, par-
ticularly as on a grid covering a specified computational domain. We therefore will begin by discussing the
relative computational costs of the Gaussian random field simulation methods in Section 5.1 without any
special assumptions on how the evaluation points are distributed, allowing them as well to be specified
in advance or on demand. In Section 5.2, we specialize our discussion to the case in which the evaluation
points are specified in advance with a regular distribution over a given computational domain. Also
included in this special case is the situation where the random field is pre-computed over a regular compu-
tational grid, with evaluations at the desired points obtained by a subsequent interpolation step. The results
of these cost considerations are summarized in Table 1.

The costs of any of the Gaussian random field simulation methods may be categorized as follows:

� the preprocessing cost of taking the desired energy spectrum and making the deterministic calculations
needed for the random field representation,
� the cost in simulating one new realization of the random field and evaluating it at the points desired.

For the Randomization method, the second cost can be cleanly separated into the cost of building a real-
ization of the simulated random field and an additive cost per evaluation. For the Fourier-wavelet method and
the direct simulation method, such a decomposition is less clear. Certain aspects of computational cost of the
multiscale Gaussian random field simulation algorithms have been considered previously [6,2], but we wish to
re-evaluate the cost analysis of the Randomization method in light of new stratified sampling strategies. The
preprocessing cost can probably be treated as less important than the other costs if many realizations of a ran-
dom field with a single energy spectrum are needed [2], but it could play a more important role in dynamical
simulations where the energy spectrum evolves in time. We therefore do include a brief consideration of the
preprocessing cost.

Our theoretical considerations are intended to apply rather broadly to multiscale random fields in multiple
dimensions with characteristic parameters defined in Section 2, but we will refer in our discussion to numerical
results for a one-dimensional random field example u(x) with spectral density
EðkÞ ¼
CEjkj�a

; jkjP k0;

0; jkj < k0;

�
ð15Þ
with 1 < a < 3. This random field has correlation length ‘c ¼ ða� 1Þ=ð4k0Þ and ‘s ¼ 0; the latter statement fol-
lows formally by introducing a high-wavenumber cutoff and noticing that the expression in (6) vanishes as the
cutoff is removed. In numerical calculations throughout the paper we choose specifically a ¼ 5=3 (correspond-
ing to the Kolmogorov spectrum for the inertial range of a turbulent flow [14,36,28]), k0 ¼ 1, and CE ¼ 1.

To assess the basic quality of the simulated fractal random fields, we shall use the second order structure
function DðqÞ ¼ h½uðxþ qÞ � uðxÞ�2i, where the angle brackets denote an average over an ensemble of indepen-
dent random field realizations. The second order structure function is related to the spectral density by the
formula [48]
DðqÞ ¼
Z 1

0

4EðkÞ½1� cosð2pkqÞ� dk:
Note that the main contribution to the structure function DðqÞ at a given value of q comes from the wavenum-
bers which are of order of 1=q. The power law structure of the energy spectrum implies, by Fourier duality,



P.R. Kramer et al. / Journal of Computational Physics 226 (2007) 897–924 907
that the structure function should exhibit a self-similar power law scaling on scales small compared to the cut-
off length scale k�1

0 :
DðqÞ � J aq
a�1 for q� k�1

0 ;
where
J a ¼ 4CE

Z 1

0

k�a½1� cosð2pkÞ� dk ¼ � 21þa

p1�a Cð1� aÞ sinðap=2Þ; 1 < a < 3; a 6¼ 2;

4p2; a ¼ 2

(

and CðxÞ for x < 0 is the Gamma function (extended by analytical continuation) [17,27]. This induced power-
law scaling in the structure function is most clearly seen by rewriting the structure function in the form
DðqÞ ¼ ½J a � 4

Z qk0

0

ð1� cosð2pk0ÞÞk0�a
dk0�qa�1: ð16Þ
To display more clearly the accuracy of the simulation methods in replicating the correct scaling (16) of the
structure function, we will look at a rescaled form [6]
G2ðqÞ ¼ DðqÞ=ðJ aq
a�1Þ;
which should satisfy G2ðqÞ � 1 for qk0 � 1. We can therefore analyze rather rigorously how well the Monte
Carlo methods are simulating the second order statistics of the fractal random field described by spectral den-
sity (15) by observing over how many decades the function G2ðqÞ remains near the constant value 1.

As discussed in Section 2, we choose parameters in a random field simulation method based on the max-
imum and minimum length scales ð‘max, ‘minÞ of the random field structure which we aim to capture. The cru-
cial determinant of cost is the ratio of these length scales, which we will express in terms of the number of
decades separating them:
Ndec ¼ log10ð‘max=‘minÞ:
5.1. Random field simulations with evaluations at irregular locations

We begin by considering the cost of simulating a Gaussian random field at a collection of Ne points which
may be specified in advance or on demand, and are not assumed to have any regular distribution. We briefly
consider the costs of a direct Gaussian simulation scheme (Section 5.1.1), then consider the Randomization
method (Section 5.1.2) and the Fourier-wavelet method (Section 5.1.3) in turn.

5.1.1. Direct simulation method

One generic approach to simulating a Gaussian random field at a set of points is to recognize that the values
of the random field at these points form a mean zero, jointly Gaussian collection of random variables [48]. The
covariance matrix for these Gaussian random variables is obtained from evaluating the correlation function at
the relative displacements between each pair of points. If the set of evaluation points is specified in advance,
then the simulation task reduces to a preprocessing step of calculating the covariance matrix and its square
root (through a Cholesky decomposition), followed by a multiplication of this matrix square root by a vector
of standard independent Gaussian random variables for each realization. Performing this procedure for the
simulation of the random field at Ne pre-specified points would incur a preprocessing cost which scales as
N 3

e and a cost per realization scaling as N 2
e . The preprocessing step would have to be repeated each time

the points of evaluation are changed.
Unlike the multiscale simulation procedures discussed in the present work, the direct simulation proce-

dure must be fundamentally modified if the evaluation points are specified on demand. The value of the
random field at each new evaluation point is then given by a Gaussian random variable with mean and var-
iance conditioned upon the values of the random field at the previous evaluation points. (This statement
remains true even if the location of the new evaluation point is a random variable depending on the pre-
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vious evaluations of the Gaussian random field and possibly some additional independent random vari-
ables.) The simulation of the new random field value is therefore equivalent to a standard regression with
respect to the previously simulated data [13]. Implementing this regression in a straightforward way would
yield a negligible preprocessing cost, and a total cost proportional to N 4

e to simulate one realization of the
values at Ne points specified on demand. The cost is dominated by the calculation of the regression coef-
ficients [13].

We therefore see that in the generic case, the cost of the direct Gaussian random field simulation approach
is a superlinear power law in the number of evaluation points Ne. One may be able to reduce the costs of this
direct simulation approach somewhat through exploiting information about the particular arrangement of the
evaluation points; we consider in particular the case of a regular computational grid in Section 5.2.1.

5.1.2. Randomization method
5.1.2.1. Choice of numerical parameters. In our numerical example (15), we will choose ‘max ¼ k�1

0 (in general it
should be comparable to the correlation length ‘c). The remaining parameters to be determined are the num-
ber of sampling bins, n, and the number of wavenumbers chosen per sampling bin, n0. These parameters are
really set by Ndec, the number of decades of accurate simulation desired, as well as our choice of bin widths.
We elaborate for each of the variants of the stratified sampling strategy.

Variant A: Without stratified sampling, n = 1. Following [2], we can estimate the smallest length scale ‘min

which will be reasonably approximated by the Randomization method using n0 random wavenumbers as that
length scale for which the average number of wave number samples lying in the interval ð1=‘min;1Þ exceeds
some critical numerical value c. The larger we choose c, the more stringently we are interpreting the phrase
‘‘accurate representation of the random field down to length scales ‘min’’.

For our example (15), the average number of wave numbers in the interval ð1=‘min;1Þ is equal to
n0ðk0‘minÞa�1; then from n0ðk0‘minÞa�1 ¼ c we get
‘min ¼
1

k0

n0

c

� �� 1
a�1

: ð17Þ
So with n0 wavenumber samples, the number of decades accurately described is Ndec ¼ 1
a�1

log10ðn0=cÞ. Equiv-
alently, the number of wavenumber samples required grows exponentially with the number of decades desired:
n0 ¼ c10Ndecða�1Þ.

Our calculations show that increasing the number of simulated wavenumbers from n0 ¼ 160 to n0 ¼ 1000
extends the domain of accurate self-similar scaling by less than a decade (see also [2,6]). If we wished to sim-
ulate nine decades of scaling, then for a ¼ 5=3 we have to sample 106 wavenumbers, which is practically unre-
alistic. Increasing the number of decades of scaling with variant A of the Randomization method therefore
requires a very large extra investment of computational effort.

Variant B: Here we select n sampling bins, each with equal energy, and sample n0 wavenumbers from each
bin. Applying similar arguments as in our analysis of variant A, and assuming that the accuracy parameter c is
smaller than n0 (so that ‘min is assumed to fall in the wavenumber bin with the highest wavenumbers), we
obtain
c ¼
n0

R1
1=‘min

k�a dk
1
n

R1
k0

k�a dk
and consequently ‘min ¼ 1
k0
ðnn0=cÞ�

1
a�1. The number of decades of accurate scaling is therefore related to our

sampling effort as:
N dec ¼
1

a� 1
log10ðnn0=cÞ:
So the stratification of the sampling into bins of equal energy seems to lead to no improvement in efficiency;
the number of decades is again logarithmically related to the total number of wavenumbers nn0 sampled. The
quality of the simulation is also not markedly improved by the equal energy stratified sampling, as seen in
Fig. 1.
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Fig. 1. The normalized structure function G2ðqÞ ¼ DðqÞ
J5=3q2=3 calculated by variant B of the Randomization method with Ns ¼ 2000 samples.

Number of sampling bins: n = 160 (left panel) and n = 1000 (right panel); n0 ¼ 1 wavenumber per bin in both cases.
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Variant C: We finally consider how the cost of the logarithmically stratified sampling strategy is related to
the range of scales over which one wishes to simulate a multiscale random field accurately. Applying the same
criterion as in the previous variants for determining the smallest scale ‘min which is simulated accurately given
the number of sampling bins n, the ratio q between the bin boundaries, and the number of samples n0 per bin,
we obtain c ¼ n0ð‘mink̂nÞa�1, where k̂n ¼ k0qn�1 is the left endpoint of the highest wavenumber sampling bin.
Solving for ‘min, we obtain ‘min ¼ k�1

0 q1�nðn0=cÞ�1=ða�1Þ, and so the number of decades of accuracy can be esti-
mated as:
Fig. 2.

(n0 ¼ 1
dashed
Ndec ¼
1

a� 1
log10

n0

c
þ ðn� 1Þlog10q: ð18Þ
Note that in contrast to variants A and B of the Randomization method, the number of decades resolved in
this case scales linearly with the number of bins n. So if we fix the bin ratio q and the number of samples per
bin n0 at some reasonable values, our theoretical estimate suggests that we can simulate a number of decades
proportional to our computational cost by simply increasing the number of sampling bins. This is illustrated
by numerical results presented in the left panel of Fig. 2. We see that with the same effort as in the previous
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The normalized structure function G2ðqÞ ¼ DðqÞ
J5=3q2=3 calculated by: the Randomization method (left panel) with +40 wavenumbers

sample from each of n = 40 bins); and by the Fourier-wavelet method (right panel). Solid lines: Ns ¼ 2000 Monte Carlo samples;
lines: Ns = 16,000 samples.
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variants of the Randomization method, we are able to simulate nine decades of self-similar scaling accurately.
The kurtosis
Fig. 3.
bins);
G4ðqÞ ¼
hðuðqÞ � uð0ÞÞ4i
hðuðqÞ � uð0ÞÞ2i2

ð19Þ
is also shown in the left panel of Fig. 3 to be relatively near the desired value +3 throughout the self-similar
scaling range, particularly when sufficiently many samples are used.

In these and subsequent numerical calculations with the Randomization Method, we always use the variant
C with n = 40 bins and bin ratio q = 2, except in Fig. 6, where n = 3 sampling bins are used. Also, except in
Fig. 6, all our numerical calculations use the spectral density (15).

From our exploration of the multiscale random field with spectral density (15), we have found that the Ran-
domization method can be made much more efficient by using stratified sampling schemes other than subdi-
vision into sampling bins of equal energy. We have attempted a logarithmic subdivision strategy because of its
natural association with self-similar fractal random fields, using essentially an equal level of resolution at each
length scale within the range of the simulation. The Fourier-wavelet method (indeed any wavelet method)
employs a similar representation. We do not claim that the logarithmic subdivision strategy is optimal, but
only that it appears to improve greatly the efficiency of the Randomization method relative to an equal-energy
subdivision. Nor do we take the relation (18) too seriously by, for example, optimizing it with respect to the
numerical parameters. This would lead to silly strategies because the formula (18) does not take into account
the need to adequately sample wavenumbers throughout the range of scales from ‘min to ‘max. Our rough the-
oretical considerations are only meant to suggest what to expect with a reasonable choice of parameters to
ensure a decent level of accuracy. The main point is that the estimate (18), along with the numerical results
in Figs. 2, 3 suggests that the Randomization method with a logarithmic subdivision strategy should be able
to simulate a multiscale random field with the number of computational elements growing linearly with the
number of decades of random field structure simulated, at least insofar as producing an accurate simulated
structure function and kurtosis. We expect this cost scaling to apply to more general multiscale random fields
as well. Results of simulation with the Fourier-wavelet Method with M = 40 and b = 10 are shown in the right
panels of Figs. 2 and 3 for comparison. From Fig. 2, we see that the choice of n0 ¼ 1 harmonics per bin in the
Randomization method yields approximately the same accuracy in the structure function as that of the Fou-
rier-wavelet method. Fig. 4 shows that increasing n0 does not lead to a significant decrease of the error. For
higher statistical moments like kurtosis, however, the error of the Randomization method with n0 ¼ 1 is con-
siderably larger than that of the Fourier-wavelet method (Fig. 3). An increase in the number of harmonics per
bin n0 ¼ 4 is needed for comparable accuracy (with Ns ¼ 2000 Monte Carlo samples) with the Fourier-wavelet
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Fig. 4. The normalized structure function G2ðqÞ (left panel) and kurtosis G4ðqÞ (right panel) calculated by Randomization method for
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method (Fig. 4, right panel). A further increase to n0 ¼ 10 is seen in this figure not to improve significantly the
simulated kurtosis.

In summary, we see that in order to simulate a random field for the purposes of evaluation at an irregularly
situated set of points, we expect that a Randomization method with logarithmic subdivision strategy could be
adequate with some fixed reasonable bin ratio (such as q = 2), some fixed reasonable number of wavenumbers
sampled per bin (such as n0 � 4–10), and the number of sampling bins n chosen in proportion to the number of
decades of random field structure to be simulated (so proportional to log10ð‘c=‘sÞ if the full structure of the
random field is to be represented). We emphasize that, based on the results presented so far, we can only
expect these choices of parameters to be adequate insofar as accurate simulation of two-point statistics (such
as the structure function (4) and two-point kurtosis (19)) evaluated at arbitrary points suffices for the appli-
cation. In Sections 6 and 7, we examine how well the Randomization method is able to recover multi-point
statistical properties.

5.1.2.2. Preprocessing cost. The Randomization method has a preprocessing cost proportional to the number
of stratified sampling bins n.

For subdivision strategies which are determined without detailed computation involving the energy spec-
trum (such as variant C), one needs to prepare a transform or rejection method in each bin to convert a stan-
dard uniform random number to the correct probability distribution of wavenumbers within each sampling
bin. For bins set by equal energy distribution (variant B), one must also compute where the bin divisions
lie. We will not concern ourselves with quantifying this additional cost because the equal energy distribution
strategy does not seem to have an advantage (compared to, say, variant C) justifying the extra computation.

5.1.2.3. Cost per realization. A new random field is simulated by choosing n0 wavenumbers randomly within
each of the n bins, and then generating a Gaussian random amplitude for each of these wavenumbers. The cost
is proportional to a small multiple of n0n. The evaluation of the simulated random field at each desired point is
accomplished by straightforward summation of the Fourier series approximation (8), with a cost proportional
to nn0, the number of terms in the sum. Therefore, the total cost in generating a realization of the random field
at Ne irregularly spaced points scales as Nen0n.

5.1.2.4. Summary of cost considerations. The preprocessing cost is proportional to the number of sampling bins
n, while the cost per realization is proportional to the total number of wavenumbers sampled and number of
evaluations, n0nN e. Each of these costs are expected to scale linearly with the number of decades of random
field structure to be simulated, at least if accuracy of the simulated second-order statistics is all that is required.
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Similar conclusions about the cost hold in multi-dimensional implementations of the Randomization
method [42]; the main difference is that the number of harmonics per sampling bin n0 will typically need to
increase as a function of dimension (but not with respect to the ratio of any length scales).

5.1.3. Fourier-wavelet method

5.1.3.1. Choice of numerical parameters. As with the Randomization method, one must choose the maximal
and minimal length scales, ‘max and ‘min, to be resolved by the random field simulation. The maximal length
scale ‘max is generally taken to be comparable to the correlation length of the random field; in our example
(15), we choose ‘max ¼ k0 ¼ 1. The ratio between the minimal and maximal length scales is set by the choice
of the number of scales M in the truncated random field representation (14), namely ð‘max=‘minÞ ¼ 2M�1. The
number of decades which one is attempting to capture is
N dec ¼ log10ð‘max=‘minÞ ¼ ðM � 1Þlog102:
Good statistical quality will generally be somewhat less than this ideal figure, but we should expect the number
of decades for which the random field will be accurately simulated to scale linearly with M � 1.

One must additionally choose the truncation parameter b to be large enough that the functions fmðnÞ
derived from the wavelets can be considered negligible for jnj > b. Generally speaking, fmðnÞ decays algebra-
ically, with power law jnj�p if the Meyer mother wavelet is built out of a pth order perfect B-spline [6]. The
values of p and b primarily affect the relative error of the statistics of the simulated random field (arising from
the truncation of the sum over translates in (14)), and in general need not be adjusted when simulating random
fields with various length scales, so long as the relative accuracy required remains fixed. Following [6], we
choose p = 2 and b = 10.

Finally, we must choose a finite spacing Dn between the points n ¼ nj ¼ �bþ ðj� 1ÞDn; j ¼
1; . . . ; 2b=Dnþ 1 at which the functions fmðnÞ are numerically evaluated through their Fourier integrals
(10). We will assume that 1=Dn is an integer. The choice of Dn determines how accurately the functions fm

are approximated through interpolation from the computed values throughout the interval jnj 6 b over which
they may need to be evaluated in the representation (14). Like b and p, the numerical value Dn is determined by
the amount of bias due to numerical discretization which is tolerable in the statistics, and is insensitive to the
length scales characterizing the random field to be simulated, since the functions fmðnÞ are each single-scale
functions. The value Dn ¼ 0:01 was used in our calculations.

An example of the normalized structure function G2ðqÞ and the kurtosis G4ðqÞ for the energy spectrum (15)
as simulated by the Fourier-wavelet method with M = 40 scales and b = 10 is shown in the right panels of
Figs. 2 and 3. In subsequent numerical examples, we continue to use these simulation parameters and energy
spectrum, except in Fig. 6, where energy spectrum (22) is used.

5.1.3.2. Preprocessing cost. Once the numerical parameters have been chosen, the functions fm used to rep-
resent the random field on various length scales each need to be computed through evaluation of the Fou-
rier transforms (10). Some details of how these values can be calculated through a fast Fourier transform
are given in Appendix A. The cost of each integration is ðb=DnÞlog2ðb=DnÞ and M functions fm need to be
computed. Since these numerical integrations dominate the preprocessing cost, we can estimate it as
Mðb=DnÞlog2ðb=DnÞ.

5.1.3.3. Cost per realization. One key observation that distinguishes the Fourier-wavelet method from the Ran-
domization method as well as the direct simulation method discussed in Section 5.1.1 is that the evaluation of
random field at a point does not involve a summation over all the computational elements and associated ran-
dom numbers. Rather, because of the good localization properties of the wavelet basis, one need only sum at
each scale over a fixed number (2b) of wavelets which are situated closest to the point of evaluation. Conse-
quently, one has two options with the Fourier-wavelet method:

� Simulate at the beginning of the calculation the complete random field representation over the whole com-
putational domain, then evaluate this random field representation at the desired locations.
� Simulate the random field only as needed to evaluate its values at the desired points of interest.
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The execution and accounting is simpler for the first approach, which we now discuss, though it requires the
ability to store a large number of random variables. Later we will remark on how one may be able to reduce
computational cost and memory requirements through the second approach, particularly if the number of
points at which the random field is to be evaluated are sparsely distributed over the simulation domain.

Pre-computation of all random variables: We can estimate the amount of work needed to pre-compute all
coefficients needed for evaluations on a one-dimensional domain of length L by first fixing an index
0 6 m 6 M (which fixes a length scale ‘2�m), and noting that we must simulate and store cmj for 2mL=‘þ 2b
different indices j in (9), so that the sum (14) can be accurately evaluated at any value of x in the domain. This
follows from counting the number of integers j such that j�nmðxÞ � jj 6 b for some x within an interval of length
L. Consequently, the cost to simulate one realization of all coefficients of the one-dimensional random field
representation comprehensively (to the specified level of accuracy) over a domain of length L is
XM�1

m¼0

ð2mL=‘þ 2bÞ � 2M L=‘þ 2bM :
The evaluation of the random field at a given point involves the calculation of a sum of the form (14). This
involves interpolation to evaluate the functions fm at the indicated values, and a summation over the indicated
wavelets with their associated random numbers (already simulated). The cost of this evaluation step is propor-
tional to bMN e.

Consequently, the total cost for simulating one realization of the random field at a set of Ne irregularly sit-
uated points should scale as 2M L=‘þ bMN e if all random variables in the random field representation are cal-
culated in advance of evaluation at the desired points.

Evaluation of random variables as needed: One can cut the memory and run-time costs if the random vari-
ables in the Fourier-wavelet random field representation are only simulated as needed for evaluation [10,9,8].
The cost savings would be most dramatic in a situation where the random field is to be evaluated over a spar-
sely distributed set of points (which may still be large in number). In particular, one can apply this approach
without specifying the computational domain in advance. In this strategy, however, one must be careful with
managing the random numbers cmj so that the same values are used when the same indices are referred to in
random field evaluations at different locations x. One can either store all random numbers that have been gen-
erated and develop an efficient data handling routine to check whether a random variable cmj appearing in an
evaluation needs to be generated or recalled from a previous generation. Alternatively, one can use explicitly
the structure of a reversible pseudo-random number generator to simulate all random variables as needed,
maintaining the identities of random variables already realized, without actually storing them [8]. In short,
one may be able to save on computation time by only simulating the random field as needed, but one must
adopt a more sophisticated code to handle the random numbers cmj. The run-time cost of simulating the
random field at an irregularly situated set of Ne points should then simply scale with the cost of evaluating
the sums (14), which scales as N ebM .

5.1.3.4. Summary of cost considerations. The preprocessing cost of the Fourier-wavelet method is proportional
to the quantity Mðb=DnÞlog2ðb=DnÞ, while the cost per realization over an irregularly distributed set of Ne

points is proportional to 2M L=‘þ bMN e if all random variables in the random field representation are com-
puted in advance of evaluation, or simply proportional to MbN e if the random variables are simulated only
as needed and managed by a sufficiently sophisticated algorithm. The preprocessing cost appears negligible
relative to the cost per realization when Ne is large. We recall that the number of scales M in the Fourier-wave-
let representation is related to the range of scales in the random field by ‘max=‘min ¼ 2M�1.

In the multi-dimensional extension of the Fourier-wavelet method through superposition of one-dimen-
sional plane waves [9], the main change in the cost will be an overall dimension-dependent factor in the cost
per realization representing the number of plane waves needed.

5.1.4. Comparison of costs

We only consider the most competitive variant C, with logarithmically uniform subdivision, of the Ran-
domization method. For this Randomization method, the computational cost per realization is found rather



914 P.R. Kramer et al. / Journal of Computational Physics 226 (2007) 897–924
simply to be proportional to the number of decades resolved in the random field and the number of points to
be evaluated. The prefactor in the cost is determined by the number of wavenumbers that should be simulated
per decade to provide sufficient statistical accuracy. To simulate statistics involving a small number of points
accurately, this prefactor is on the order of 10.

The cost of simulating a multiscale Gaussian random field with the Fourier-wavelet method appears usually
to be greater. If the random variables in the Fourier-wavelet representation are simulated only as needed for
evaluation, the cost scales nominally with bN elog2ð‘max=‘minÞ. This may be viewed as ostensibly comparable to
the cost scaling in the Randomization method, but one must recall that to achieve such cost scaling in the Fou-
rier-wavelet method for Ne > 1, the code must involve a somewhat sophisticated handling of the random num-
bers cmj in the expansion (9), thereby increasing the amount of work per calculation.

If one wishes to avoid the need for a delicate management of random variables in the Fourier-wavelet
method, and one can pre-specify a bounded domain in which the points to be evaluated must lie, then one
can simulate the random field over the whole domain, before evaluation, in which case the cost will generally
scale as L=‘min þ bNelog2ð‘max=‘minÞ. The first term has the potential for growing quite large for random fields
with many scales, and has no counterpart in variant C of the Randomization method.

Both the Randomization and Fourier-wavelet methods are much less expensive than the standard simula-
tion approach described in Section 5.1.1 when a multiscale random field (with ‘c=‘min � 1 and L=‘min � 1) is
to be evaluated at a large number Ne of points. Indeed, the cost of the Randomization method scales linearly
in Ne, logarithmically with respect to ‘c=‘min, and is independent of L=‘min. The Fourier-wavelet method has
similar cost scaling with careful random variable management, but even with the simpler approach of pre-
computing all random variables associated to the computational domain, the cost of the Fourier-wavelet
method scales as L=‘min þ bNelog2ð‘c=‘minÞ, which scales logarithmically with respect to ‘c=‘min and linearly
(and additively) with respect to L=‘min and Ne. The standard simulation method described in Section 5.1.1,
by contrast, has cost scaling superlinearly with respect to Ne.

We observe, then, that the Randomization method with logarithmically uniform subdivision can be
expected to simulate a random field with accurate two-point statistics with less expense than the Fourier-wave-
let method. The reason for the reduced cost of the Randomization method is easily traced to its use of a smal-
ler set of computational elements. To simulate the random field structure at each length scale 2�m‘max, the
Randomization method uses a fixed number n0 of wavenumbers, while the Fourier-wavelet method uses an
increasing number 2mL=‘max þ 2b of wavelets at smaller scales (larger m). The Randomization method has
the flexibility in design in allowing the number of wavenumbers per sampling bin n0 and therefore the number
n0n of computational elements to be chosen according to the statistical accuracy requirements. The Fourier-
wavelet method, by contrast, really requires reference to a complete set of

PM�1
m¼0 ð2

mL=‘max þ 2bÞ �
2M L=‘max þ 2Mb ¼ 2ðL=‘min þ blog2ð‘max=‘minÞÞ wavelets and associated random numbers to represent the
random field meaningfully. The numerical parameters governing statistical accuracy in the Fourier-wavelet
method relate to the number of terms used in evaluating the random field at a given location.

We remark that the standard approach described in Section 5.1 would require L/h random variables to rep-
resent the random field over a domain of length L with computational grid spacing h. The Fourier-wavelet
method would use approximately the same number of random variables if h P ‘s, so that the random field
has structure all the way down to the grid scale and ‘min ¼ h. If h < 1

2
‘s, then the Fourier-wavelet method

would be using a smaller number of computational elements than the direct approach because the random
field structure on length scales smaller than ‘s can be obtained accurately by interpolation (without the need
for additional random numbers) from the smoothness length scale ‘s of the random field. The Fourier-wavelet
method, therefore, has the number of computational elements (and associated random variables) set essen-
tially by theoretical considerations of how many degrees of freedom of randomness are needed to represent
effectively a random field over a computational domain.

The Randomization method, by contrast, has the number of its random variables and computational ele-
ments (wavenumbers) set by user specification. In particular, in an accurate simulation over nine decades of
the second order structure function of the random field described by (16), the Randomization method (with
n = 40, n0 ¼ 1) uses only 120 = 3 · 40 random variables to represent the random field while the Fourier-wave-
let method makes reference, in principle, to as many as 242 random variables. Apparently, the smaller number
of random variables is sufficient for the random field simulated by the Randomization method to exhibit a
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good fidelity in the second order structure function as well as the kurtosis of the random field increment
between two points (19). An interesting question is to what extent the Randomization method can exploit
its flexibility in design and use of a relatively small number of computational elements and random variables
to represent the random field over a computational domain when more complex statistics of the random field
are important.

We will see through numerical examples in the next few sections that the Randomization method must
increase the number of wavenumbers n0 simulated per scale as accuracy is desired in statistical characteristics
involving a greater number of points. (We have already seen an increase of n0 from 1 to 4 is necessary for ade-
quate behavior of the two-point kurtosis (Fig. 4).) By contrast, the Fourier-wavelet method appears to sim-
ulate multi-point statistics accurately with the same choice of parameters as was used to simulate the
second order structure function accurately (Figs. 7 and 8). We will find that the Randomization method
remains competitive for the simulation of statistics involving tens of points, but that the Fourier-wavelet
method might become more efficient in simulating statistics involving a greater number of points. In partic-
ular, the Fourier-wavelet method is more efficient in simulating a random field with good ergodic properties
(so that spatial averages over the whole domain approximate ensemble statistics).

We remark that the other variants (A and B) of the Randomization method would have costs growing fas-
ter than that of the Fourier-wavelet method for multiscale random fields with many decades; it is important to
use the logarithmically uniform subdivision to render the Randomization method competitive for such appli-
cations. Alternatively, one could also consider the simulation method of [2], which is a hybrid of the standard
Fourier method with variant B of the Randomization method. The number of decades which can be simulated
by the hybrid method grows only logarithmically with cost, just like variants A and B of the Randomization
method, but by suitable choice of parameters the scaling prefactors can be made small enough so the method
is competitive with the Fourier-wavelet method for simulating fields with up to 9–11 decades of self-similar
scaling of the structure function. As we have discussed above, variant C of the Randomization method
appears to have a lower prefactor relative to the Fourier-wavelet method in the linear scaling of cost with
respect to number of decades simulated, which would imply that variant C of the Randomization method will
become more efficient than the hybrid method after a smaller number of decades. We remark that the ability of
the hybrid method to simulate multi-point statistics accurately and exhibit good ergodic properties have not
yet been explored, as they will be for the Randomization and Fourier-wavelet methods in Sections 6 and 7.

5.2. Random field simulations on regular grid over pre-specified domain

We now discuss the relative costs of the Randomization and Fourier-wavelet methods, as well as the direct
simulation approach, when the random field is to be simulated on a pre-specified regular grid of points in one
dimension with spacing h and domain length L. The arguments extend directly to d-dimensional domains
described by a single length scale L and grid configuration which covers the domain with spacing between
neighbors characterized by a single length scale h, provided factors (L/h) and ð‘c=hÞ are replaced by ðL=hÞd
and ð‘c=hÞd , respectively. In this subsection, we only point out how the cost scalings change and compare
in a relative sense due to the regular arrangement of evaluation points. This discussion is also intended to
cover the case in which the random field is to be evaluated at a dense set of irregularly spaced points through
pre-computation over a regular grid followed by interpolation. Our considerations of course apply to the pre-
computation over the regular grid; the subsequent interpolation is independent of the random field simulation
algorithm and is clearly linear in the number of evaluation points.

5.2.1. Direct simulation method

As discussed in Section 5.1.1, one can use Cholesky decomposition to simulate a Gaussian random field on
a pre-specified set of points. The number of points at which the random field is to be evaluated on the com-
putational grid scales with L/h, so the preprocessing cost from a naive implementation would scale as ðL=hÞ3,
and the cost to simulate one realization of the random field over the grid would scale as ðL=hÞ2.

However, when the domain length L is large compared with the largest resolved length scale ‘max of the
random field, one can easily reduce the cost by neglecting the correlations between points separated by a dis-
tance large compared with the ‘max. This gives the covariance matrix a banded structure, reducing the compu-
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tational linear algebra costs so that the preprocessing cost scales with ðL=hÞð‘max=hÞ2 and the cost per realiza-
tion scales as ðL=hÞð‘max=hÞ.

5.2.2. Randomization method
The cost considerations for the Randomization method are essentially unchanged. The preprocessing cost

scales with the number of sampling bins n0, and then each realization of the random field over the L/h lattice
points requires a number of computations proportional to nn0L=h. We recall for variant C, with logarithmi-
cally uniform stratified sampling, the number of decades simulated is proportional to n. There does not appear
to be any cost savings available from the evaluation points falling on a regular lattice; the fast Fourier trans-
form is not available due to the irregular spacing of the wavenumbers used in the Randomization method.

5.2.3. Fourier-wavelet method
To a first approximation, we can relate the cost for simulating a random field over a regular lattice by sim-

ply viewing it as a special case of making Ne ¼ L=h evaluations of the random field over a domain with length
scale L. In this case, it is clearly more efficient to simulate directly all the random variables cmj needed, so long
as they can be stored. We therefore estimate a preprocessing cost proportional to Mb=Dnlog2ðb=DnÞ, and a
cost of simulating each realization of the random field over the prescribed lattice proportional to
2M L=‘þ bML=h. Fast wavelet transform methods (filter bank algorithms) [30] have the potential of reducing
the cost even more, in analogy to fast Fourier transforms, but we are unaware of any actual implementations
in the random field context. It is natural to take the sampling distance h comparable to the smallest length
scale ‘min ¼ ‘21�M resolved in the Fourier-wavelet representation, in which case we can re-express the cost
per realization of the random field on the lattice as proportional to L=hþ bML=h � bML=h. The cost scaling
would be the same if the random variables were computed only as needed, and the random variable manage-
ment would be considerably easier for evaluation on a regular computational grid than in the case of irregu-
larly distributed points (as discussed in Section 5.1.3).

5.2.4. Comparison of costs

With the dense sampling of the random field implicit in simulating the random field over a regular lattice,
both the Randomization method and Fourier-wavelet method scale similarly with respect to the length scales
involved. Namely, they are both proportional to the number of lattice points L/h, the number of decades sim-
ulated (which is logarithmic in ‘max=h), and some numerical implementation parameters. The numerical pre-
factors appear to be smaller for the Randomization method. In particular, a 2.5%-accuracy could be achieved
by the Randomization method (n = 40, n0 ¼ 1, q = 2) over nine decades of the simulated structure function
with approximately 12 times less computer time than the Fourier-wavelet method with parameters
(M = 40, b = 10) specified as in [6] (see Fig. 2, dashed lines). The structure function was evaluated over a com-
plete regular spatial grid by the dependent sampling technique. Both the Randomization and Fourier-wavelet
methods are again much more efficient than the standard simulation approach based on Cholesky decompo-
sition of the covariance matrix associated to the pre-specified grid for multiscale applications (L=h� 1 and
‘max=h� 1), since the latter has cost scaling as a superlinear power law with respect to these large parameters.
A summary of the costs of the various random simulation methods for both irregularly and regularly distrib-
uted evaluation points is presented in Table 1.

We conclude our theoretical cost considerations with a brief discussion about the expected relative costs of
the methods in partially regular situations, where the evaluation points are not distributed over a regular com-
putational grid but do have some spatial structure that can be exploited to reduce computational costs from
the generic irregularly distributed case discussed in Section 5.1. We interpolate our conclusions from the esti-
mates for the irregularly and regularly distributed cases discussed above. The direct simulation approach
should generally have cost scaling as a superlinear power law in Ne, L/h, and ‘max=h. The Randomization
and Fourier-wavelet methods, by contrast, should have costs scaling linearly in Ne and logarithmically in
‘max=h. This cost-scaling for the Fourier-wavelet method applies when the random variables in its random field
representation are only computed as needed (and therefore managed in a careful way). A simpler implemen-
tation of the Fourier-wavelet method in which all the random variables are pre-computed and stored will have
a cost scaling linearly with Ne and L/h, and logarithmically with ‘max=‘min, the ratio of the maximal and min-



Table 1
Cost scalings of random field simulation methods (DSM = direct simulation method, RM = randomization method (variant C),
FWM = Fourier wavelet method, RV = random variable) with respect to largest (‘max) and smallest (‘min) resolved scales, length scale of
domain L, number of realizations Ns, number of evaluation points per realization Ne, and for evaluation on a one-dimensional regular
grid, the length scale h at which the random field is sampled

Evaluation point configuration

Irregular locations Regular grid

DSM N3
e þ NsN2

e or NsN4
e ðLhÞð

‘max

h Þ
2 þ NsðLhÞð

‘max

h Þ
RM NsNen0log2ð‘max

‘min
Þ Nsn0ðLhÞlog2ð‘max

‘min
Þ

FWM (precomputed RV) log2ð‘max

‘min
Þð b

DnÞlog2ð b
DnÞ þ Ns½ L

‘min
þ Neblog2ð‘max

‘min
Þ� log2ð‘max

‘min
Þð b

DnÞlog2ð b
DnÞ þ NsbðLhÞlog2ð‘max

‘min
Þ

FWM (RV as needed) log2ð‘max

‘min
Þð b

DnÞlog2ð b
DnÞ þ NsNeblog2ð‘max

‘min
Þ log2ð‘max

‘min
Þð b

DnÞlog2ð b
DnÞ þ NsbðLhÞlog2ð‘max

‘min
Þ

Other parameters appearing in the expressions (n0 for the Randomization method; b and Dn for the Fourier-wavelet method) are quantities
which are generally of order 1–10 and held fixed for a given level of desired accuracy, independently of the physical and resolution length
scales. Their precise meanings are explained in the main text. The cost scaling estimates in the table (as well as in the main text) generally
omit numerical constants independent of parameters; they are only meant to indicate scaling properties and not precise absolute
magnitudes.
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imal scales of the simulated random field. This would generally be considerably more expensive than the Ran-
domization method except in situations where the number of evaluation points Ne is comparable to L/h (as for
the case of a regular computational grid). Finally, both the Randomization method and Fourier-wavelet
method are more efficient than the direct simulation method when simulating a multiscale random field
(‘max=h� 1) at a large number of points Ne � 1, because the direct approach has cost scaling as a superlinear
power law with respect to these parameters, while the multiscale methods scale as products of linear and log-
arithmic functions of these parameters.
6. Ergodic properties of simulated random fields

An important feature of numerically simulated statistically homogenous random fields is the quality of their
ergodicity, by which is meant the convergence of spatial averages of quantities to their theoretical averages
taken over a statistical ensemble. Ergodicity is a particularly useful feature of a simulated random field when
each realization is expensive to compute, because statistics can be extracted by processing spatial averages of
one or a small number of realizations instead of by averaging over a large set of realizations. Simulation of a
porous medium flow through the Darcy equation (2) for a given realization of the conductivity, for example, is
a rather time-consuming computational procedure. Computation of statistical flow properties through spatial
rather than ensemble averages would therefore improve efficiency if they could be calculated accurately.

As a basic example, we consider the second order correlation function and structure function of the random
field, which have, respectively, the theoretical ensemble-averaged definitions:
BðqÞ ¼ huðqþ xÞuðxÞi; DðqÞ ¼ hðuðqþ xÞ � uðxÞÞ2i: ð20Þ

Neither depend on x due to statistical homogeneity. Rather than considering the quality of ensemble averages
(as we did in Section 5), we now study how well corresponding spatial averages of a single realization of the
simulated random field:
BNbðqÞ 

1

N b

XNb

j¼1

uðqþ ðj� 1Þ‘bÞuððj� 1Þ‘bÞ;

DNbðqÞ 

1

N b

XNb

j¼1

½uðqþ ðj� 1Þ‘bÞ � uððj� 1Þ‘bÞ�2
ð21Þ
converge to the ensemble-averaged expressions BðqÞ and DðqÞ as the number of spatial samples Nb is taken
large. Here ‘b is a length scale describing the spatial translation between each spatial sample. For efficient
convergence of the spatial averages (21) to the ensemble averages (20) as Nb increases, we choose ‘b large en-
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ough so that the terms in (21) become independent or at least weakly dependent. In our calculations, we take
‘b ¼ 2‘max.

To study the ergodicity properties of the simulated random fields, we compare simulated spatial averages
for the correlation function and the normalized structure function G2ðqÞ ¼ DðqÞ=ðJ aqa�1Þ against the exact
results for the energy spectrum (15).

6.1. Randomization method

In Fig. 5, these comparisons are made for variant C of the Randomization method. Note that even for
Nb = 16,000 spatial samples, n = 40 bins, and n0 ¼ 10 wavenumbers per bin, the agreement is not satisfactory
(left panel). Increasing n0, the number of wavenumbers per bin, improves the results (right panel).

Thus we see that the number of wavenumbers per bin must be drastically increased for the Randomization
method to exhibit good ergodic properties. This phenomenon actually arises also for single-scale random
fields. To show this, we simulate a random field with the spectral function
Fig. 5
‘b ¼ 2
(solid
EðkÞ ¼
CEjkj�a

; k0 6 jkj 6 kmax;

0; otherwise

�
ð22Þ
with a ¼ 5=3;CE ¼ 1, k0 ¼ 1, and kmax ¼ 8. We present spatially averaged statistics from a Randomization
method simulation of the random field with this spectral function (22) in Fig. 6,. Here the bins are constructed
by subdividing the wavenumber range k0 < k < kmax into n = 3 logarithmically uniform subintervals. In the
left panel, n0 ¼ 10 random wavenumbers are sampled in each bin; note that even averages over
Nb = 16,000 spatial blocks exhibit large deviations from the true statistics. Increasing the number of wave-
numbers per bin to n0 ¼ 200 (see the right panel) improves the results.

We see that achieving good ergodic properties in the random fields simulated by the Randomization
method requires a substantial increase in the number of wavenumbers sampled per bin and therefore the
expense of the simulation.

6.2. Fourier-wavelet method

In Fig. 5, right panel, the normalized structure function as estimated by spatial averages of random fields
simulated by a single realization of the Fourier-wavelet method is compared against the exact result for the
0.2

0.4

0.6

0.8

1

1.2

G
 (ρ

)
2 

0.2

0.4

0.6

0.8

1

1.2

G
 (ρ

)
2 

10-12 10-10 10-8 10-6 10-4 10-2 100

ρ
10-12 10-10 10-8 10-6 10-4 10-2 100

ρ

. The normalized structure function G2ðqÞ obtained by ergodic averaging over spatial translations (21) with Nb = 16,000 and
‘max. Left panel: Randomization method with n0 ¼ 10 wavenumbers per bin. Right panel: Randomization method with n0 ¼ 100
line), and Fourier-wavelet method (dashed line).



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
—1

—0.5

0

0.5

1

1.5

2

2.5

B(
ρ)

ρ
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

—1

—0.5

0

0.5

1

1.5

2

2.5

B(
ρ)

ρ
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Kolmogorov spectrum (15). With Nb = 16,000 spatial blocks, the accuracy achieved was higher than that of
the Randomization method with Nb = 16,000 spatial blocks, n = 40, and n0 ¼ 100; see Fig. 5.

6.3. Comparison

We see that in order for computed spatial averages to approximate the desired correlation function or struc-
ture function, the Randomization method requires a drastic increase in the number of wavenumbers per bin,
n0, as compared to the values of n0 adequate for ensemble average calculations. This can be understood by
noting that the statistical quality of ergodic averages over a large spatial domain is related to the number
of effectively independent samples in the collection of spatial observations. The Randomization method with
logarithmically uniform stratified sampling uses a relatively small number of independent random numbers to
generate the random field, and spatial averages will fail to improve once they already involve a number of
effectively independent samples comparable to the number of independent random numbers 3nn0 used in
the construction of the random field. The Fourier-wavelet method, by contrast, involves a sufficiently rich col-
lection of random variables so that spatial averages exhibit good ergodic properties without the need to
increase the expense of the simulation beyond that necessary for ensemble averages to approximate the second
order correlation function and structure function adequately. In our numerical example, the Randomization
method required more than 15 times the computational time (n = 40, n0 ¼ 200) as the Fourier-wavelet method
(with M = 40 and b = 10) to achieve comparable accuracy over nine decades in the structure function when
calculated using spatial averages of a single realization.

7. Multi-point statistical characteristics of simulated random fields

We now return to consideration of the quality of ensemble averages in multiscale random field simulations,
but now examine the quality of statistics involving more than two points. One aim is to examine whether the
non-Gaussianity of the Randomization method may exhibit itself in a more pronounced manner in multi-
point statistics as compared to two-point statistics (such as the second order correlation function and structure
function). Another objective is to determine whether the cost of the Randomization method must be increased
(as it was for spatial averages) in order to simulate multi-point statistics through ensemble averaging with
comparable quality to that simulated by the theoretically Gaussian Fourier-wavelet method. We remark that
the consideration of spatial averages (21) in Section 6 yields a statistic that involves more than two points, but
we only considered single realizations rather than ensemble averages of these random variables.
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We therefore consider the following sequence of normalized random increments
Fig. 7.
(thin d
(bold d
and Ra
metho
Dui ¼
uðihÞ � uðði� 1ÞhÞ
½J aha�1�1=2

; dui ¼
uðhqi�1

0 Þ � uð0Þ
½J aðhqi�1

0 Þ
a�1�1=2

; i ¼ 1; . . . ; n0: ð23Þ
and the associated random variables
fk ¼ max
16i6k

jDuij; f0k ¼ max
16i6k

jduij: ð24Þ
We denote by pn the probability density function (PDF) of a random variable n, and by pf;k the PDF pfk
. We

will first compare the PDF’s pf;n0 as simulated by the Randomization method, a direct Monte Carlo simula-
tion, and the Fourier-wavelet method.

The procedure of direct Monte Carlo simulation (DMS) of the collection of random variables Dui,
i ¼ 1; . . . ; n0, can be described as follows. These random variables are Gaussian with zero mean and covariance
hDuiDuji ¼
1

2J aha�1
½Dðði� jþ 1ÞhÞ þ Dðði� j� 1ÞhÞ � 2Dðði� jÞhÞ�:
Note that if qk0 � 1, DðqÞ can be replaced by J aqa�1. Therefore, if n0hk0 � 1, the covariance can be approx-
imated by
Bij ¼
1

2
ðji� jþ 1ja�1 þ ji� j� 1ja�1 � 2ji� jja�1Þ; i; j ¼ 1; . . . ; n0: ð25Þ
Thus the DMS procedure is simply the direct simulation of Gaussian variables with covariance matrix given
by (25). An analogous DMS procedure can be constructed for the random variables dui, i ¼ 1; . . . ; n0. This
DMS approach is of course impractical for actually simulating the values of a multiscale random field over
a large number of points, as discussed in Section 5.1.1.

All numerical simulations in this section refer to the random field with Kolmogorov spectrum (15). In cal-
culations of PDFs, we choose the parameters as follows: h ¼ 1000‘min, ‘min ¼ 2�40, n0 ¼ 100, and q0 ¼ 1:115. In
Fig. 7, left panel, we show the PDF pf;100 calculated by the Randomization method with n = 40 sampling bins,
bin ratio q = 2, and various values for the number of wavenumbers per sampling bin n0. To analyze the accu-
racy in the PDF calculations, we plot in the right panel of Fig. 7 the corresponding deviations measured in

L2-norm and defined as follows: �ðkÞ ¼ kpðDMSÞ
f;k � ~pf;kkL2

, where pðDMSÞ
f;k is an approximation of the density
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pf;k obtained by direct Monte Carlo simulation with Ns ¼ 105 samples (which we take as an accurate represen-
tation of the true PDF) and ~pf;k denotes the corresponding approximation obtained by the Randomization or
Fourier-wavelet methods with Ns = 25,000 samples. We see that the error of the Randomization method with
n0 ¼ 10 wavenumbers per bin is large for all values of k. With n0 ¼ 25, this method has approximately the
same accuracy as the Fourier-wavelet method for k 6 50. Finally, calculations with n0 ¼ 50 show that the
Randomization method gives over the whole displayed range of k almost the same quality as the Fourier-
wavelet method. We remark that since the Fourier-wavelet method generates theoretically Gaussian multi-
point statistics, its accuracy in simulating multi-point statistics of a Gaussian random field is completely
determined by the number of Monte Carlo samples and its accuracy in simulating the correct second order
correlation function.

One might conclude from Fig. 7 that in the case of multi-point statistical characteristics, the Randomiza-
tion method is not competitive with the Fourier-wavelet method, as the number of wavenumbers per bin n0

must be quite large for good accuracy. (The two methods have approximately equal cost if n0 ¼ 10.) However,
if we consider the PDF and relevant deviations for the random variables f0k (24) plotted in Fig. 8, we see that
the Randomization method is competitive with the Fourier-wavelet method here since it achieves comparable
accuracy already for n0 ¼ 4 wavenumbers per bin. So some multi-point statistics of Gaussian random fields
are more efficiently simulated by the Fourier-wavelet method, but some can be captured with reasonable effort
also by the Randomization method.

8. Conclusions

(1) The Randomization method is generally easier to implement than the Fourier-wavelet method. For sim-
ulating random fields with accurate two-point statistics, the Randomization method with logarithmically
uniform spectral subdivision can often be less expensive than that of the Fourier-wavelet method. The
scenario with greatest relative advantage for the Randomization method appears to be the sampling of a
multiscale random field over a large but sparse set of points. Then, as is generally case, the cost of the
Randomization method scales linearly with the number Ne of evaluation points and logarithmically in
the range of scales ‘max=‘min to be represented in the random field. A relatively simple implementation
of the Fourier-wavelet method (pre-computation of all random variables) has cost scaling linearly
(and additively) in both the number of evaluations Ne and the ratio of the largest and smallest scales
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of the random field simulated, ‘max=‘min. A more sophisticated management of random numbers in the
code can reduce the cost scaling of the Fourier-wavelet method in this scenario to the same as that of the
Randomization method, but with a typically larger prefactor.

(2) The reason for the relative efficiency of the Randomization method in simulating two-point statistics
accurately is that it appears adequate to use a fixed number n0 � 4–10 of random variables to represent
the random field at each length scale. The Fourier-wavelet method uses, as part of its essential design,
2mðL=‘maxÞ random variables to represent the random field structure over a computational domain of
linear extent L at length scale 2�m‘max. In particular, the Fourier-wavelet method uses many more ran-
dom variables to represent the random field structure at smaller scales.

(3) Both the Randomization method and the simple implementation of the Fourier-wavelet method have
comparable scaling when the random field is to be simulated over a regular computational grid of points,
because the number of evaluations are comparable to the number of random variables in the Fourier-
wavelet representation.

(4) The cost of the Randomization method increases substantially as statistics involving larger numbers of
points are to be simulated accurately. The reason is that the number of computational elements (wave-
numbers) per scale, n0 must be increased to achieve accuracy with these more complex statistics. The
Fourier-wavelet method, on the other hand, from the start employs a rich set of computational elements
and random variables, and does not require a substantial increase in computational effort to simulate
statistics involving large numbers of points accurately. This general conclusion does not however imply
that the Randomization method will necessarily be less efficient than the Fourier-wavelet method for cal-
culating every multi-point statistical characteristic, as our calculations in Fig. 8 show.

(5) When statistics are to be evaluated through spatial averages (and an appeal to ergodicity) rather than
ensemble averages, the Fourier-wavelet method appears more efficient than the Randomization method.
Good ergodic properties are important in applications which involve the solution of partial differential
equations with random coefficients, such as the Darcy equation with random hydraulic conductivity.
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Appendix A. Calculation of the functions fm

Here we give some technical details on the calculation of the functions (10) which in our case reads
fmðnÞ ¼
Z 4=3

�4=3

e�2pikngðkÞ dk; ðA:1Þ
where gðkÞ ¼ 2m=2 ~E1=2ð2mkÞ/̂ðkÞ.
We calculate this function on the grid of points nj ¼ �N

2
Dnþ ðj� 1ÞDn, j ¼ 1; . . . ;N , where N is an even

number, and Dn P 0 is the grid step. In order to evaluate the truncated sums appearing in the Fourier-wavelet
representation (14), we must choose NDn=2 P b. We approximate the integral (A.1) by a Riemann sum:
fmðnjÞ ¼
Z a

�a
e�2pikngðkÞ dk ’

XN

l¼1

Dke�2piklnj gðklÞ; ðA:2Þ
where
kl ¼ �aþ ðl� 1=2ÞDk; l ¼ 1; . . . ;N ; Dk ¼ 2a
N
:

We use the same number of points N ¼ 2r (where r is some positive integer) to discretize the integral as we use
to represent fmðnÞ in physical space so that we can use the discrete fast Fourier transform. We also clearly need
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the cutoff on the integral in (A.2) to satisfy a > 4=3 (with g(k) set to zero whenever evaluated for jkj > 4=3).
Finally, the use of the fast Fourier transform requires the steps in physical and wavenumber space be related
through DnDk ¼ 1=N . Indeed, simple transformations then yield
njkl ¼ �N
2

Dnþ ðj� 1ÞDn

	 

½�aþ ðl� 1=2ÞDk�

¼ N � 1

4
� j� 1

2
1� 1

N

� �
� l� 1

2
þ ðj� 1Þðl� 1Þ

N
; ðA:3Þ
hence
fmðnjÞ ’ exp piðj� 1Þ 1� 1

N

� �� XN

l¼1

Gl exp �2pi
ðj� 1Þðl� 1Þ

N

� 
; ðA:4Þ
where
Gl ¼ DkgðklÞ exp �2pi
N � 1

4
� l� 1

2

	 
� 
;

which is in the form of a discrete Fourier transform.
The constraints imposed on the discretization of the integral (A.2) to obtain an expression amenable to fast

Fourier transform imply the following sequence of choosing parameters. First a bandwidth value b is chosen
according to the desired accuracy in the Fourier-wavelet representation (14). Then a spatial resolution Dn for
the fmðnÞ is selected, either according to the grid spacing h on a prespecified set of evaluation points or such
that fmðnÞ can be calculated accurately enough by interpolation from the computed values. (In any event, we
must have Dn < 3=8). Next, a binary power N ¼ 2r is chosen large enough so that 2b=N 6 Dn. Then we set
a ¼ 1

2Dn, and discretize the integral (A.2) with step size Dk ¼ 2a=N ¼ 1=ðNDnÞ.
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